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We present some results concerning the generalized homologies associated with 
nilpotent endomorphisms d such that d N = for some integer N > 2. We then 
introduce the notion of graded g-differential algebra and describe some examples. In 
particular we construct the g-analog of the simplicial differential on forms, the g-analog 
of the Hochschild differential and the g-analog of the universal differential envelope of 
an associative unital algebra. 

1 Introduction 

Our aim is to discuss properties of nilpotent endomorphisms d such that d = 
for some integer N > 2, of the corresponding generalized homologies and of the 
associated generalizations of graded differential algebras. The natural setting 
would be to use a category of modules carrying representations of the group of 
iV-th roots of the unity. Here however, for simplicity, we shall work with complex 
vector spaces and the natural representations of this group in such spaces, (i.e. 
multiplication by the corresponding complex numbers). Such a representation 
is characterized by a primitive TV-root q of the unity. For eventual applications 
to y-deformations, etc., we drop the assumption that q is a root of unity and 
develop the notion of g-differential calculus for q G C with q ^ and q ^ 1 (i.e. 
q G C\{0, 1}). The terminology adopted here is influenced by a paper by M. 
Kapranov on similar topics Sj. Other examples of spaces with d N — 0, etc. can 
be found in R. Kerner's contribution to this volume. 



2 Generalized homology associated with d — 

Let £ be a complex vector space equipped with a nilpotent endomorphism d 
satisfying d N = where N is an integer with N > 2. One has Im(d ) C 
ker(d k ) for k G {0, 1, . . ., N} and therefore the vector spaces ifW — H^ k \E) = 
keT(d k )/lm(d N - k ) are well defined. In fact = ffW = {0} and the 
are the generalization of the homology of E for 1 < k < N — 1 . 

Let i and m be two positive integers such that I + m < N. One has 
ker(d m ) C kcr(/+ m ) and lm(d N ~ m ) C lm(d N - ( - i+m ^) so the inclusion i l : 
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ker(d m ) -> ker(d £+m ) induces a homomorphism [i l ] : H (m ^ -> H (e+m \ On 
the other hand, one has d m (ker(d £+m )) C ker(c^) and d m (Im(rf Ar -( £+m ))) C 
Im^^ - ^) and therefore d m induces a homomorphism [d m ] : _ff( £ + m ) — > i/w. 
Notice that [i l ] = [i] e and that [d m ] = [d] m . One has the following lemma. 

LEMMA 1 The hexagon (Ti~' m ) of homomorphisms 




H (N-i) „ H (N-(l+m)) 

[i m ] 



is exact. 

For the proof and for more details, we refer to |Q and ||. We shall use the 
following criterium ensuring the vanishing of the H ^ . 

LEMMA 2 Let q be a primitive N-th root of the unity and assume that there is 
an endomorphism h of E such that hod — qdoh = I where I denotes the identity 
mapping of E onto itself. Then one has = for k € {1, . . . , N — 1}. 

In fact hd — qdh — I with q being a primitive iV-th root of the unity implies, 
i, E^o d N -^ k h N ^d k = [{N - 1)!], J, where [{N - 1)!], = [{N - l)] q . . . [2], 
with [n] g = 1 + q H h g n_1 . The result follows since [{N - l)\] q ^ 0. 

Example 1: Complex matrix algebras 

Let N be as above an integer with N > 2 and let rife, k € {1, . . . , N} be N 
integers greater or equal to 1, > 1, with sum S = J2k=i Uk — The 
algebra of complex S x S matrices will be denoted by Mg(C). Associated to the 
family (rife), there is a decomposition into rectangular blocks A* of each element 
A of Ms(C) : A = (Aj), (i,j = 1,2,..., N), where Aj is a complex matrix with 
m lines and rij columns. One equips M$(C) with a Zjv-graduation, Mg(C) = 
(Bp£z N (Ms( < C)) p , by giving the degree j — i mod (N) to the block A*-, (i.e. to 
the matrix which has only A*, as nonzero block). Equipped with this graduation, 
M S (C) is a Z^-graded algebra: (M s (C)) a {M s {C)) b C (M s (C)) a+b , Vo, 6 £ Zjv- 
Let e e (Ms(C)) 1 be such that e w is a multiple of the unit 1 € (Af s (C))°: 

e N = XI, A 6 C (1) 
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Let q be a primitive N-th root of the unity and set d(A) = eA — q a Ae for 
A G (Ms(C)) a . This defines an endomorphism d of Ms(C) which is of degree 1 
and satisfies 

d(AB) = d(A)B + q a Ad{B), \/A G (M s (C)) a , VB G M S (C) (2) 

and d N = 0. Since d N = 0, the H {k \ k G {1, . . . , N - 1}, are well defined. 

In the case S = N, i.e. n fc = 1 Vfc G {1, . . . , iV}, any e G (Mjv(C)) satisfies (Q). 

In this case (S = N), if e N ^ then one has #W = 0, Vfc G {1, . . . , iV - 1}. □ 

Example 2 : (Co)Presimplicial vector spaces 

Although all the constructions described here work as well for presimplicial vec- 
tor spaces as for copresimplicial vector spaces (dual version), we shall describe 
them in the copresimplicial setting since most examples we shall meet in the 
following sections are of this type. Also, it should be clear that we work here 
with complex vector spaces for simplicity but that we could as well work with 
an appropriate category of modules carrying representations of the group of N- 
th roots of the unity. For the notion of (co)-presimplicial module, we refer to 
J.L. Loday's book ||. Recall that a copresimplicial vector space E is a family 
(B")nen of (complex) vector spaces together with linear mappings, the cofaces, 
fk : E n -> E n+1 , k G {0, . . . , n + 1}, such that 

Ufk = hU-i, for k<l (3) 

As usual, the dependence on n of the fk has been dropped for notational sim- 
plicity. We shall identify E with the N-graded vector space ® n E n . Let q be 
a complex number with q ^ and q ^ 1 and let us define two homogeneous 
endomorphisms of degree 1 of E, d q and d q , by setting for x G E n 

n n + 1 

d q (x) = 1 k h(x) - q n fn+i(x) and d q (x) = Q k fk(x) (4) 

fe=0 fc=0 

LEMMA 3 Let N be an integer with N > 2 and assume that q is a primitive 
N-th root of the unity, then one has (d q ) N = and (d q ) N . 

Notice that for N = 2, i.e. for q = — 1, these two endomorphisms coincide with 
the usual differential map of E, H. Therefore when q is a primitive N-th. root 
of the unity, the corresponding hv- k ^ are generically nontrivial. □ 

In the previous example, in the case where q is a primitive iV-th root of 
the unity, E is N-graded and d is homogeneous of degree one with d N = 0. 
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More generally, let E be a Z-graded vector space E — @ n E n equipped with an 
endomorphism of degree one d satisfying d N = (N G N\{0, 1}). In this case, 
the i?( fe ) are also Z-graded and the hexagon (H e ' m ) of Lemma 1 splits into N 
long exact sequences (Sp' m ), p G {0, 1, . . . , N — 1}. 

> jj(m),Nr+p ^\ jj(l+m),Nr+p M"*] , JVr+p+m [» W ~^+ m) ] 

jj(N-m),Nr+p+m jj(N-(l+m)),Nr+p+l+m I'™! jj(N -l),Nr+p+l+m 

where if( fe )' n = {x G £"|d fc (V) = 0}/d Ar - fc (^ rl+fc - Ar ). If instead of being Z- 
graded, E is Z^-graded as in Example 1, then the N exact sequences (Sp' m ) 
are again N exact hexagons because in Z^r one has Nr +p = N(r + l)+p=p. 

3 Graded (/-differential algebras 

In the remaining part of the paper, q is a complex number with q ^ and q^l. 

DEFINITION 1 A graded q- differential algebra is a N-graded associative uni- 
tal C-algebra 2t = © n 2l" equipped with an endomorphism d of degree one sat- 
isfying d(a(3) = d(a)0 + q a ad((3), Va G 2t a and G 21, and sucA tftaf = 
whenever q N = 1 /or AT G N mi/i N >2. 

The endomorphism d will be referred to as the q- differential of 21 and the 
above twisted Leibniz rule as the q-Leibniz rule. For each q G C\{0, 1} there is 
a natural notion of homomorphism of graded g-differcntial algebra. 

An ordinary graded differential algebra is thus a graded (— l)-differential 
algebra with this terminology. Let us give some other examples. 

Example 3: Complex matrix algebras 

Let us come back to Example 1 of Section 2. The only reason why Ms(C) fails 
to be a graded g-differential algebra, with q being a primitive N-th root of the 
unity, is that it is Zjv-graded instead of being N-graded. There is however an 
easy way to obtain a graded g-differential algebra from it. Let p : N — > Zjy be 
the canonical projection and define (p*M s (C)) n for n G N by (p*M s (C)) n = 
(M 5 (C)) p (™). Then, on the N-graded space p*M s {£) = ® n (p*M s (C)) n there 
is a unique product of N-graded algebra such that the canonical projection 
7r : p*Ms(C) — > Ms(C) is an algebra homomorphism. Furthermore there is a 
unique endomorphism of degree 1 of p*Mg(C), again denoted by d, such that 
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7r o d = d o ir. This endomorphism satisfies the q-Leibniz rule and d = 0. Thus 
p*Ms(C) is a graded ^-differential algebra. □ 

Example 4: Simplicial forms 

Let K be a simplicial complex, i.e. a set equipped with a set of non-empty 
subsets 6 such that X G 6 and F C X implies F G 6, (F ^ 0). For 
n G N, an ordered n-simplex is a sequence (xo,...,x n ) of elements of if 
such that {^o, . . . , x n } G 6. A simplicial n-form is a complex- valued func- 
tion (xq, ■ ■ ■ , a; n ) i— > w(xo, . . . , £„) on the set of ordered n-simplices. Let Cl^ 
denote the vector space of all simplicial n-forms. The graded vector space 
= ®n^K 1S a N-graded unital algebra for the product (a, (3) i— > a/3 defined 
by a(3(x , . . -,x a+b ) = a(x , ■ ■ .,x a )(3(x a , . . .,x a+b ) for a G VL a K , ft G VL b K and 
any ordered (a + 6)-simplex (xq, . . . ,x a + b )- One defines for q e C\{0, 1} an 
endomorphism d q of degree 1 of Qk by setting 

n k 

d q (uj)(x , . . . ,x n+ x) = ^q fc w(x ,.Y.,2:„ + i) - q n u){x , ...,x n ) 

k 

for lo G fi^- and any ordered (n + l)-simplex (xq, . . . ,x n +i), where Y means 
omission of x k - Equipped with d q , fix is a graded g-differential algebra, i.e. 
d q satisfies the q-Leibniz rule and (d q ) N — whenever q N — 1 for N G N with 
N > 2. The above d g is a particular case of the one of Example 2, formula (Q), if 
one takes for the the dual mappings of the usual simplicial faces. This works 
as well with ,4-valued simplicial forms where A is a unital associative C-algebra. 
□ 

Example 5: Hochschild cochains 

Let A be a unital associative C-algebra. Recall that a ,4-valued Hochschild n- 
cochain is a linear mapping of ® n A into A. The vector space of these n-cochains 
is denoted by C n (A,A). The N-graded vector space C(A,A) = ® n C n {A,A) 
is in a natural way a N-graded unital associative algebra with product defined 
by {a0){xx, . . .,x a+b ) = a(xi, . . . ,x a )/3(x a+ i, . ..x a+b ) for a G C a (A,A),f3 G 
C b (A, A) and Xi G A, where on the right hand side the product is the product 
of A. One defines for q G C\{0, 1} a linear mapping of degree 1 of C(A,A) in 
itself S q by setting for u £ C n (A, A) and x; G A 

5 g (oj)(x , ...,x n ) = x u)(xi, ...,x n ) + J2k=i Q k ^( x o, . . . , X k ^iX kl ...,x n ) 

-q n uj{x , ■ ■ • ,X n -i)x„ f .s 
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One has 8 q {a(3) = 5 q (a)f3 + q a a5 q (f3) for a G C a {A,A) and (3 G C{A,A). 
Furthermore, (5 q ) N — whenever q N = 1 for N G N with N > 2. In other 
words, equipped with S q , C(A, A) is a graded g-differential algebra. Again, 
S q is a particular case of the d q of Example 2 in Section 2, formula (^), with 
appropriate cofaces (see in ||]). 

More generally, for an arbitrary bimodule M. over A, Formula (|5|) still defines a 
linear mapping homogeneous of degree 1 on the graded vector space C(A, A4) of 
.M-valued Hochschild cochains which satisfies 6^ = whenever q N = 1 (N > 2) 
and reduces to the Hochschild coboundary for q = —1. 

When q is a primitive 7V-th root of the unity, the corresponding H^' n ,(k G 
{1,...,N - 1}, n G N), are given by §: H^' Nm = H 2m ,H^' N( - m+ ^- k = 
ff2 (m+i)-i ; for jfc 6 {1, . . . , iV - 1} and m € N, where the H n denote the usual 
Hochschild cohomology spaces (of C(A,M j), and the other H^' n vanish. □ 

Example 6: Dual of a product 

Let A be an associative unital C-algebra and let C(A) = ® n C n {A) be the graded 
vector space of multilinear forms on A; i.e. C n (A) — (<S> n A)* is the (C-) dual of 
® n A and C°(A) = C. By making the natural identifications C n (A) ® C m (A) C 
C n+m (A) one sees that C(A) is canonically a N-graded unital C-algebra, (the 
product being the tensor product over C). By duality, the product m : A® A — > 
A of A gives a linear mapping m* of .4* into {A® A)* i.e. m* : C 1 (A) — > C 2 (^l). 
For q G C\{0, 1}, m* extends into a linear mapping m* : C(A) — > C(.A) which 
satisfies the graded (/-Leibniz rule with m*(C°(^l)) = and 

n 

™ q (u)(x , ■ ■ ■ ,%n) = ^2q k ~ 1 u(x , ■ ■ .,Xk-lX k , . . .,X n ) (6) 
fe=l 

for u; G C n (A) with n > 1 and G ^4. It follows then from the associativity 
of the product of A that one has (m*) N = whenever q N = 1, N G N\{0, 1}. 
Thus C(A) equipped with m* is a graded (/-differential algebra. 
The mapping m* of (^) is a particular case of the d q of Example 2 in Section 2, 
formula (^), with an obvious choice for the cofaces and a shift —2 in degree. 
Let f) be the linear mapping of degree —1 of C + (A) = ® n >iC n {A) into itself 
defined by f)(w)(xi, . . . , x„_i) = u(l, x\, . . . , x n -\) for oj G C n (A) with n > 2 
and by ^((C 1 ^)) = 0. Then one has on C+(A) : fj o m* - qm* o f) = I. It 
follows then from Lemma 2 that if q is a primitive iV-th root of the unity one 
has #( fe )'™ = for k G {1, . . . , N - 1} and n > 1. On the other hand, in this 
case, one obviously has H^' a = C (k G {1, . . . , N - 1}). □ 
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4 Universal (/-differential calculus 



Our aim in this section is to produce the g-analog of the universal differential 
envelope of a unital associative C-algebra A pj . We start with a new example 
of graded g-differential algebra which is itself of interest. 

Example 7: The tensor algebra over A of A <8> A 

The tensor product (over C) A ® A is in a natural way a bimodule over A. 
The tensor algebra over A of the bimodule A® A will be denoted by 1(A) = 
® n % n (A). This is a unital graded algebra with T n (A) = ® n+1 A and product 
defined by 

(xi<g>- • -<8>x m )(yi®- ■ -(Eiiin) = xi®- ■ -®x m -i®x m yi®y2®- ■ -®y n fora^j/j G A 

In particular A coincides with the subalgebra 1°(A). Since A is unital, 
A <8> A is the free bimodule generated by r = 1 ® 1. Hence 1(A) is the N-graded 
algebra generated by A in degree and by a free generator r of degree 1. In 
fact one has Xq <E> • • ■ ® x n = XoTXi . . . ra; n , Va;, S A. 

LEMMA 4 There is a unique linear mapping d q : %(A) — > T(.4) homogeneous 
of degree 1 satisfying the q-Leibniz rule such that 

d q (x) = t® X — X ®) 1 = TX — XT, \/x G .A, 

and 

d 9 ( T ) = r 2 , (i.e. d q (l®l) = l®l®t). 
Moreover d q satisfies d q — whenever q N — 1 for N > 2, N G N. 

The g-differential d q on X(*4) defined by the above lemma is given by 

d q (x <g) ■ • • ® x„) = J2k=o 1 kx o ® " " " ® ^fe-i ® 1 ® x fc (g) • • • (g> cc„ 

-g n £o ® ■ • ■ ® x„ (8 1 ^ 

Thus again this is a particular case of the d q of Example 2 in Section 2, formula 
, with an obvious choice for the cofaces. By induction on the integer n, one 
obtains the action of the n-th power d™ of d q on r = 1 ® 1 and on the elements 
of A : d£(r) = [nl} q T n+1 and d™0) = [n!] g -r"-%(a:), Vx G A. 

The algebra T(-4) equipped with d g is a graded g-differential algebra. □ 
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The universal (/-differential envelope of A 

Let Q q (A) be the smallest g-differential subalgebra of 1(A) equipped with d q 
which contains A, i.e. the smallest subalgebra of 1(A), stable by d q , containing 
A = 1° (A) . This is again a graded q-differential algebra which is characterized 
uniquely up to an isomorphism by the following universal property, Q. 

THEOREM 1 Let 21 = ffi„2l™ be a graded q-differential algebra and let tp : 
^4 — > 21° be a homomorphism of unital algebras. Then there is a unique homo- 
morphism tp : fl q (A) — > 21 of graded q-differential algebras inducing tp. 

It is natural to call Q q (A) the universal q-differential envelope of A or the uni- 
versal q-differential calculus over A. Form q = —1, il^i^A) is just the usual 
universal envelope fl(A) of A as defined in 

Let q be a primitive N-th root of the unity and let E be the Z-graded vector 
space E = Ce_(jv-i)ffl- ■ ■©Ce_i©1(.4). One extends d q to E by setting d q e-\ = 
1 and G? g e_fc = e_^_i) for N — 1 > fc > 2. One still has d^ — on E. Let cj be 
a linear form on A satisfying = 1 and let us define an endomorphism h of 
degree — 1 of E by: /i(xo ® ■ ■ ■ <8> x n ) = w(xo)xi ® • • • © x ra for Xi G .4 and n > 1, 

/i(x ) = -g -1 w(a;o)e_i for x G A ft(e_ fe ) = -gH fe+1 ) (1 + q H h q fe )e_ (fc+ i) 

for iV— 2 > k > 1 and ft(e_(jv-i)) = 0. One has on E : h o d q — qd q oh = I. By 
Lemma 2, this implies that .ffW (E) = 0, Vfc G {1, . . . , N-l}. The subspace F = 
Ce_(jv-i)©- ■ ■ffiCe_i©0 9 (^4) is stable by d q and by ft, [§, therefore H^(F) = 
0, Vfc G {1, . . . , JV - 1}. This implies W' n (2:(.A), <f ? ) = #<»' n (fi 9 (.4)) = for 
n > 1 and H ( k ^°(1(A), d q ) = ( fc )>°(Q 9 (.A)) = C, Vfc G {1, . . . , N - 1}. 
Thus when q is a primitive iV-th root of the unity, the corresponding generalized 
cohomologies of (1(A), d q ) and of Sl q (A) are trivial. This generalizes a well- 
known result for q = — 1. 
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